Meccanica (2011) 46: 413-421
DOI 10.1007/s11012-010-9322-z

ORIGINAL ARTICLE

Effect of rotation on plane waves at the free surface
of a fibre-reinforced thermoelastic half-space using the finite

element method

Mohamed I.A. Othman - Ibrahim A. Abbas

Received: 2 July 2009 / Accepted: 25 May 2010 / Published online: 3 August 2010

© Springer Science+Business Media B.V. 2010

Abstract The propagation of plane waves in fibre-
reinforced, rotating thermoelastic half-space proposed
by Lord-Shulman is discussed. The problem has been
solved numerically using a finite element method. Nu-
merical results for the temperature distribution, the
displacement components and the thermal stress are
given and illustrated graphically. Comparisons are
made with the results predicted by the coupled the-
ory and the theory of generalized thermoelasticity with
one relaxation time in the presence and absence of ro-
tation and reinforcement. It is found that the rotation
has a significant effect and the reinforcement has great
effect on the distribution of field quantities when the
rotation is considered.
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1 Introduction

Fibre-reinforced composites are used in a variety of
structures due to their low weight and high strength.
The characteristic property of a reinforced compos-
ite is that its components act together as a single
anisotropic unit as long as they remain in the elastic
condition. Verma [1] discussed the problem of magne-
toelastic shear waves in self-reinforced bodies. Chat-
topadhyay and Choudhury [2] investigated the prop-
agation, reflection and transmission of magnetoelastic
shear waves in a self-reinforced media. Chattopadhyay
and Choudhury [3] studied the propagation of mag-
netoelastic shear waves in an infinite self-reinforced
plate. Chattopadhyay and Michel [4] studied a model
for spherical SH-wave propagation in self-reinforced
linearly elastic media, In classical dynamical coupled
theory of thermoelasticity, the thermal and mechani-
cal waves propagate with an infinite velocity, which
is not physically admissible. The theory of couple
thermoelasticity was extended by Lord and Shulman
(LS) [5] and Green and Lindsay [6] by including the
thermal relaxation time in constitutive relations. Dur-
ing the last three decades a number of investigations
[7-11] have been carried out using the aforesaid theo-
ries of generalized thermoelasticity. Note that in most
of the earlier studies mechanical or thermal loading on
the boundary surface was considered to be in the form
of a shock.

The exact solution of the governing equations of
the generalized thermoelasticity theory for a coupled

@ Springer


mailto:m_i_othman@yahoo.com
mailto:ibrabbas7@yahoo.com

414

Meccanica (2011) 46: 413-421

and nonlinear/linear system exists only for very spe-
cial and simple initial and boundary problems. To cal-
culate the solution of general problems, a numerical
solution technique is used. For this reason the finite
element method is chosen. The method of weighted
residuals offers the formulation of the finite element
equations and yields the best approximate solutions
to linear and nonlinear boundary and partial differen-
tial equations. Applying this method basically involves
three steps. The first step is to assume the general be-
havior of the unknown field variables in such a way as
to satisfy the given differential equations. Substitution
of these approximating functions into the differential
equations and boundary conditions results in some er-
rors, called the residual. This residual has to vanish in
an average sense over the solution domain. The second
step is the time integration. The time derivatives of the
unknown variables have to be determined by former
results. The third step is to solve the equations result-
ing from the first and second step by using a finite el-
ement algorithm program (see Zienkiewicz [12]). Ab-
bas [13], Abbas and Abd-Alla [14] and Youssef and
Abbas [15] applied the finite element method in dif-
ferent problems.

In the present work, the (LS) theory is applied to
study the influence of rein-forcement on the total de-
formation of rotating body and the interaction with
each other. The problem has been solved numerically
using a finite element method (FEM). Numerical re-
sults for the temperature distribution, displacement
and the stress components are represented graphically.

2 Formulation of the problem and basic equations

The constitutive equations for a fibre-reinforced lin-
early thermoelastic anisotropic medium with respect
to the reinforcement direction a are

0ij = Mexidij +2ureij + o(akamermdij + aiajexr)

+2(ur — pur)(aiaker; + ajager;)
+ Baramermaiaj — y (T — To);;. 1)

Where o;; are the components of stress; e;; are the
components of strain; A, u7 are elastic constants;
o, B, (up — nr) and y are reinforcement parameters,
T is the temperature above reference temperature 7T
and a = (a1, az, a3), a% + a% +a§ = 1. We choose the
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fibre-direction as a = (1, 0, 0). The strains can be ex-
pressed in terms of the displacement u; as

1
ejj = E(ui,j +uji). 2
For plane strain deformation in the xy-plane 2 =,

> dz
w=0.

Equation (1) then yields

O')cszllM,x +A12v,y—)/(T—T0), 3)
oy = AV y + Apu , — y(T —Tp), 4)
o =Anuyx+ivy —y(T —T), )

Oxy = pur(u,y + v.x), Ozx = 0zy = 0. (6)
Where

Ann=r+2(a+pur) +4(ur — pur) + B,
Ap=a+A2,

)
Apn=A+2ur.

Since the medium is rotating uniformly with an angu-
lar velocity £ = Qn, where n is a unit vector repre-
senting the direction of the axis of rotation. The dis-
placement equation of motion in the rotating frame of
reference has two additional terms (Schoenberg and
Censor [17]): Centripetal acceleration, 2 x (2 x u)
due to time-varying motion only and the Corioli’s ac-
celeration 28 x u where u is the dynamic displace-
ment vector. These terms don’t appear in non-rotating
media. The dynamic displacement vector is actually
measured from a steady-state deformed position and
the deformation is supposed to be small.

The equation of motion in a rotating frame of refer-
ence in the context of Lord-Shulman’s theory is

plii + {2 x (Q xw)}i + 2Q x 0);] = 0ij,;
(i,j=1,2,3). 8)

The heat conduction equation

2
kT ;= (%+TO%)(/OCET+VTOWJ)- ©
t
Where p is the mass density, & is the thermal conduc-
tivity, Cg is the specific heat at constant strain and tp
is the relaxation time.
From (3)—(6) we note that the third equation of mo-
tion in (8) is identically satisfied and the first two equa-



